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Real-Time Dynamic Optimization of Controllable Linear Systems
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A real-time optimization controller is developed to steer a linear time-varying control system to closed-loop
trajectories that optimize a cost functional of interest. When advantage is taken of the differential flatness of the
linear systems, a basis function approach is used to parameterize the open-loop trajectories of the system and to
approximate the optimal solution of the finite time optimal control problem. An adaptive optimization method
is used to formulate the real-time optimization scheme. The problem is posed as a real-time optimal trajectory
generation problem in which the approximate optimal trajectories are computed using an extremum-seeking
approach. The control algorithm provides tracking of the approximate optimal trajectories. Two optimal control
problems are considered to demonstrate the application of the technique. It is shown that the technique can be
successfully implemented in real time.

Introduction

D YNAMIC optimization is used to solve a wide range of offline
and online problems. Linear time-varying systems constitute

an important class of dynamic systems that arise naturally when
tracking problems are considered. In a number of applications, it is
desirable to design control systems that evolve on trajectories that
provide optimal performance. There are several ways to solve such
optimal control problems.

The most widely applied technique remains the linear quadratic
optimal control problem. For linear time-varying systems, the linear
quadratic optimal control problem can be addressed effectively by
solving the Riccati differential equation. (See Ref. 1, Chap. 3, p. 124
for more details.)

For the solution of more general dynamic programming prob-
lems, numerical methods are usually required. Some suitable nu-
merical methods include 1) the solution of the necessary condi-
tions for optimality,2 2) dynamic programming,3 3) discretization,4

4) control parametrization.5 These established numerical ap-
proaches have met with success. However, they often require con-
siderable computational effort, which limits their implementation
in real-time applications, for example, online trajectory planning or
receding horizon estimation and control.

Some results have been published on control of differentially flat
systems,6,7 and a number of flatness-based dynamic optimization
methods have been reported.8−12 Differential flatness is a property of
a special class of underdetermined dynamic control systems whose
dynamics can be freely assigned without differential constraints.
For such systems, all system trajectories can be trivially assigned
by defining paths in the so-called flat outputs. The main advantage
of flatness-based approaches is the elimination of numerical integra-
tion of the model in the solution of optimal control problems. This
property has led to the development of efficient algorithms.10,11

Xu and Agrawal13 suggested a procedure for optimization of lin-
ear time-varying dynamic systems by partitioning the time domain
into intervals such that a transformation exists over each inter-
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val, but conditions for the existence of the transformation are not
provided. Furthermore, like the conventional solution of this prob-
lem using Lagrange multipliers (see Ref. 2, pp. 42–168.), general
algebraic constraints were not considered in their work.

Mahadevan et al.11 proposed a flatness-based model predictive
technique for fed-batch reactors. A real-time optimization scheme
is proposed that implements a model-predictive approach where the
nonlinear dynamic programming problem is solved at prespecified
time intervals. At each subsequent interval, the dynamic program-
ming problem is formulated and updated using the current state
measurements and considering the optimization problem from the
current time only. As in other flatness-based approaches, the dy-
namic optimization problem is transformed to a nonlinear optimiza-
tion problem and solved using an appropriate nonlinear optimiza-
tion problem code. The resulting sequential approach allows one to
respond in real-time to the effect of uncertainties and disturbances.

In this paper, we develop a real-time optimization approach to
solve dynamic optimization problems in finite dimensional linear
time-varying systems. We consider the application to the solution of
real-time dynamic optimization problems in differentially flat linear
time-varying systems. The approach proposed provides a real-time
optimization technique that can be used to compute and implement
simultaneously optimal trajectories. The optimization technique is
inspired by a Lyapunov-based optimization method proposed in
Ref. 14, but applies, more generally, to dynamic optimization prob-
lems where one seeks optimal trajectories rather than optimal set
points. As in Ref. 11, we exploit the knowledge of the model struc-
ture to parameterize the set of admissible trajectories to maximize
the prescribed cost functional over a finite dimensional set of pa-
rameters. The main difference with existing approaches is that the
parameters used in the approximation of the optimal solution are up-
dated in real time. Standard nonlinear adaptive control techniques
are used to develop a real-time optimization routine that operates
exactly like an adaptive controller. A Lyapunov-based technique is
employed that ensures the convergence of the real-time optimization
scheme to a local optimum. This allows one to solve the problem as
the process is evolving in time without the intervention of specialized
optimization software. This contrasts with other approaches, such
as the one proposed in Ref. 11, where the real-time optimization re-
lies on the solution of a nonlinear optimization problem using some
optimization software. The time required to solve the optimization
problem is generally not taken into account in the problem formula-
tion. Because the solution of such problems cannot be instantaneous,
some input delay must be considered in its implementation. This in-
put delay limits the applicability of the techniques to relatively slow
systems.
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The paper is organized as follows. In the second section, we state
and formulate the dynamic optimization problem. The optimization
technique and the implementation of the control is discussed in the
third section. Simulation results are presented in the fourth section,
which is followed by brief conclusions in the fifth section.

Problem Statement
In this paper, we consider a controllable linear time-varying sys-

tem of the form

ẋ = A(t)x + B(t)u(t) (1)

where A(t) ∈ Rn × n and B(t) ∈ Rn × p are C∞ matrix-valued func-
tion of time t , x ∈ Rn are the state variables and u(t) = [u1(t), . . . ,
u p(t)]T ∈ Rp is the vector of p input variables.

The control design objective is to steer the states of the linear
system (1) to the trajectory that solves the following dynamic opti-
mization problem:

max
u(t)

J =
∫ T

0

q[x(t), u(t)] dt (2)

subject to

ẋ = A(t)x + B(t)u(t)

w[x(t), u(t)] ≥ 0

x(0) = x0

x(T ) = x f (3)

The variable T , assumed fixed, is taken as the length of the horizon
considered for the cost functional. It is assumed that there exists
a continuous control u(t) that can steer the state variables of the
control system from x0 to x f over the interval t ∈ [0, T ].

The constraint set �c = {x∈ Rn, u ∈ Rp|w(x, u) ≥ 0} describes a
convex subset of Rn × Rp . It is assumed that the trajectories x(τ )
evolve on a compact subset � of Rn and that the input trajectories
take values in a convex set �u ∈ Rp . The cost function J : �p → R+

is assumed to be a convex and twice continuously differentiable
function on ωp . The function q(x, u) is assumed to be positive
definite and sufficiently smooth.

To solve this problem, we must consider some parametrization
of the trajectories of the system (1) over the set �. In this paper,
we focus on the situation where the model (1) is differentially flat.
The approach consists of computing the optimal trajectories in the
flat output space. The corresponding trajectories, computed in real
time, are implemented by using a suitable tracking controller. This
method leads to a two-degree-of-freedom real-time optimizing con-
troller. In the next two subsections, we provide a brief introduction
to the notion of flatness and the application of flatness in dynamic
optimization.

Controllable Linear Systems and Flat Dynamical Systems
Differential flatness, a notion introduced in Ref. 15, refers to the

existence of so-called flat or linearizing outputs that summarize the
dynamics of a nonlinear system. It is closely related to the general
ability to linearize a dynamic system by an appropriate choice of
endogenous dynamic state feedback. Such feedback structures de-
scribe a special class of static or dynamic precompensators formed
only of endogenous system variables, such as state variables, inputs,
and a finite number of their time derivatives.

Formally, the system (1) is said to be differentially flat if there
exist variables y = [y1, . . . , yp]T given by an equation of the form

y = h
(
x, u, u̇, . . . , u(ρ)

)
(4)

The variables y = [y1, . . . , yp]T are referred to as the flat outputs.
The original system variables x(t) and u(t) are written as func-

tions of these flat outputs [y(t) or y(τ )] and a finite number of their
derivatives,

x(t) = α
[

y(t), y(1)(t), . . . , y(k)(t)
] ≡ α[ȳ(t)]

u(t) = β
[

y(t), y(1)(t), . . . , y(k)(t)
] ≡ β[ȳ(t)] (5)

for the case of differentially flat systems. Here, y(i)(t) stands for
the i th derivative of y(t) with respect to t , and k is the number
of derivatives of y(t) required to represent the system in the form
given in Eq. (5). In addition, ȳ(t) is a vector of derivatives of the
flat output, that is,

ȳ(t) = [
y(t), y(1)(t), . . . , y(k)(t)

]T

For a linear time-varying system, the flatness property is equivalent
to the controllability of the system. For the sake of completeness,
we state this property formally in the following theorem, which can
be found in Ref. 13.

Theorem: The linear time-varying system described by the matri-
ces [A(t), B(t)] is differentially flat if and only if it is controllable.

This results can be proven in a number of ways using either al-
gebraic or geometric arguments.

Trajectory Generation by Dynamic Optimization
When flatness is used, the set of trajectories can be parameterized

by simply choosing a suitable parametrization for the flat outputs.
The resulting state and input trajectories can be computed directly
from Eq. (5). This strategy has been employed in many studies.
(See Refs. 9, 11, 12, 16–18, and references therein). The choice
of parametrization depends entirely on the specific application. For
example, one may enforce periodicity by parameterizing the flat
output trajectories using Fourier series. In general, we parameterize
the highest derivative of the flat outputs yk(t) as

y(k)

j (t) =
N∑

i = 1

θi	i j (t), 1 ≤ j ≤ p (6)

where θ = [θ1, . . . , θN ]T are the parameters to be assigned, and
	i j (t), 1 ≤ i ≤ N and 1 ≤ j ≤ p are the basis functions. The flat
outputs and their first k − 1 derivatives are obtained by integrating
Eq. (6) successively. The flat outputs are given by

y j (t) =
N∑

i = 1

θi

∫
. . .

∫
k

	i j (t)

for 1 ≤ j ≤ k, or, in vector form,

y(t) = θ T

∫
. . .

∫
k

	(t)

where 	(t) is the N by p matrix of basis functions.
The vector of derivatives of the flat outputs ȳ(t) is written as

ȳ(t) = θ T 
(t)

where 
(t) = [
∫

. . .
∫

k
	(t),

∫
. . .

∫
k − 1

	(t), . . . , 	(t)]. When

this parametrization is used, the cost function (2) is given by

J (θ) = 1

T

∫ t + T

t

q{α[θ T 
(τ)], β[θ T 
(τ)]} dτ (7)

The constraints are reparameterized as follows:

w(α(θ(t)T 
(t), β(θ(t)T 
(t))) ≥ 0 (8)

We can then restate the parameterized form of the dynamic opti-
mization problem as

max
θ

J = 1

T

∫ t + T

t

q{α[θ T 
(τ)], β[θ T 
(τ)]} dτ (9)

subject to

w{α[θ T 
(τ)], β[θ T 
(τ)]} ≥ 0

α[θ T 
(0)] = x0 (10)

α[θ T 
(T )] = x f (11)
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Extremum-Seeking Dynamic Optimization
The objective of the controller design methodology is to steer

the system to the optimal state and input trajectories, as functions
of the parameters θ , that solve the optimization problem (9). In the
remainder, we consider the cost functional (7) as a function of θ and
J (θ).

We propose to solve the optimization problem (9) using an interior
point method with penalty functions to incorporate the constraints
and the boundary conditions as proposed in Ref. 19 (Chap. 5, p. 72).
The constraints described by the vector-valued inequality (8) are
enforced by an interior point method using a log-barrier function that
is incorporated in the cost. (See Ref. 20, Chap. 17, p. 490 for further
details.) The boundary conditions (10) and (11) are incorporated
using a penalty function to the cost. This leads to a modified cost
function given by

Jip =
∫ T

0

(
q(α(θ T 
(τ)), β(θ T 
(τ)))

−
m∑

i = 1

μi log
(
wi (α(θ T 
(τ)), β(θ T 
(τ))) − εi

))
dτ

+ M
(
α(θ T 
(0)) − x0

)2 + M
(
α(θ T 
(T )) − x f

)2
(12)

where μi > 0 and εi > 0 for i = 1, . . . , m and M > 0 are positive
constants that are the tuning parameters of the modified cost func-
tions. In general, μi and εi are taken as small as possible, and M is
taken as large as possible. We first make the following assumption.

Assumption: The constraint set described by Eq. (3), which is con-
vex of the set � ⊂ �n , remains convex over a set ϒ in the parameter
space in its parameterized form Eq. (8).

The assumption guarantees that the unconstrained optimization
of the modified cost Jip leads to the constrained optimum of J (θ)
as the tuning constants μi → 0. Although this assumption can be
restrictive in practice, most applications can be adequately solved
using the proposed technique through a suitable a priori analysis
of the problem. One technique, proposed in this paper, is to solve
the optimization problem using an update law that constrains the
parameters to remain in a convex set.

Real-Time Optimization Technique
The basic approach is to formulate the optimization of J (θ) using

a Lyapunov-based approach. Given that the functional is convex with
respect to θ over a prescribed region ϒ , we can rely on the first-order
conditions for optimality given by

∇θ Jip(θ
∗) = 0 (13)

where ∇θ Jip(θ
∗) is the gradient of Jip with respect to θ evaluated at

the minimizer θ∗. As in Ref. 14, we propose the following Lyapunov
function,

V = 1
2
‖∇θ Jip(θ)‖2 (14)

Note that the gradient of Jip is now a function of a time-varying set
of parameters θ(t) given by the expression

∇θ Jip(θ)T = ∇θ J (θ)T +
∫ T

0

m∑
i = 1

μi

{wi [α(ȳ), β(ȳ)] − εi }

×
(

∂wi

∂x

∂α

∂θ
+ ∂wi

∂u

∂β

∂θ

)
dτ

M
{
α[θ T 
(0)] − x0

}∂α

∂θ
(0, θ) + M

{
α[θ T 
(T )] − x f

}∂α

∂θ
(T, θ)

(15)

where

∇θ J (θ)T =
∫ T

0

[
∂q

∂x

∂α

∂θ
(τ, θ) + ∂q

∂u

∂β

∂θ
(τ, θ)

]
dτ (16)

∂α

∂θ
(t, θ) = ∂α

∂ ȳ(t)

∂ ȳ(t)

∂θ
,

∂β

∂θ
(t, θ) = ∂β

∂ ȳ(t)

∂ ȳ(t)

∂θ
(17)

∂ ȳ(t)

∂θ
= [

φ(t), . . . , φ(t)(k)
]

The time derivative of V is

V̇ = ∇θ Jip[θ(t)]
{∇2

θ Jip[θ(t)]θ̇
}

where ∇2
θ Jip[θ(t)] is the Hessian of Jip evaluated at θ(t) given by

∇2
θ Jip(θ)T = ∇2

θ J (θ)T +
∫ T

0

( m∑
i = 1

− μi

{ri [α(ȳ)] − εi }2

∂ri

∂x

∂α

∂θ

+ μi

{ri [α(ȳ)] − εi }
∂αT

∂θ

∂2ri

∂x∂x T

∂α

∂θ

+ μi

{ri [α(y)] − εi }
∂ri

∂x

∂2α

∂θ∂θ T

)
dτ

+ M
{
α[θ T 
(0)] − x0

} ∂2α

∂θ∂θ T
(0, θ) + M

∂αT

∂θ
(0, θ)

∂α

∂θ
(0, θ)

+ M
{
α[θ T 
(T )] − x f

} ∂2α

∂θ∂θ T
(T, θ)

+ M
∂αT

∂θ
(T, θ)

∂α

∂θ
(T, θ) (18)

with

∇2
θ J [θ(t)] =

∫ T

0

(
∂q

∂x

∂2α

∂θ∂θ T
+ ∂αT

∂θ

∂2q

∂x∂x T

∂α

∂θ
+ ∂q

∂u

∂2β

∂θ∂θ T

+ ∂βT

∂θ

∂2q

∂u∂uT

∂β

∂θ
+ 2

∂βT

∂θ

∂2q

∂u∂x T

∂α

∂θ

)
dτ (19)

As a result, we obtain the following expression for the derivative
of V

V̇ = ∇θ Jip[θ(t)]
{∇2

θ Jip[θ(t)]θ̇
}

(20)

We propose the following parameter update law:

θ̇ = −k�−1∇θ Jip[θ(t)]T (21)

where � = {∇2
θ Jip[θ(t)] − ρ I } and ρ = ‖∇2

θ Jip[θ(t)]‖F is the
Frobenius norm of the Hessian matrix. Clearly, the matrix � is by
construction negative definite such that

J̇i p = −∇θ Jip[θ(t)]�−1∇θ Jip[θ(t)]T ≥ 0 (22)

The cost functional is constrained to increase as long as the gradient
is nonzero. Note that the rate of change of the Lyapunov function
V becomes

V̇ = −k∇θ Jip[θ(t)]∇2
θ Jip[θ(t)]�−1∇θ Jip[θ(t)]T

The cost functional is constrained to increase as long as the gradient
is nonzero. Note that the rate of change of the Lyapunov function
V becomes

V̇ = −k∇θ Jip[θ(t)]∇2
θ Jip[θ(t)]�−1∇θ Jip[θ(t)]T

Because the Hessian ∇2
θ Jip[θ(t)] is not necessarily negative definite

(and because the corrected Hessian � is, by construction, negative
definite), the strict negativity of V̇ cannot be ensured. As a result,
the norm of the gradient ∇θ Jip can potentially become unbounded,
leading to the divergence of the scheme. To avoid the divergence of
the scheme, one must provide a mechanism to constrain the magni-
tude of the norm of the gradient of Jip . In this paper, this is achieved
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by constraining the value of the parameters to a convex set of the
form

�W = {
θ ∈ RN |‖θ‖ ≤ wm

}
for some wm > 0. If one can provide a parameter update law that
can restrict the values of the parameters to remain in �w , then by
continuous differentiability of Jip one can ensure that the gradient
of Jip remains bounded.

Constraints on the parameters can be effectively enforced by using
a projection algorithm. This algorithm is given by

θ̇ = Proj{θ, �} =⎧⎪⎪⎨⎪⎪⎩
�, if ‖θ‖ < wm

or [‖θ‖ = wm and ∇P(θ)� ≤ 0]

� − �
γ∇P(θ)∇P(θ)T

‖∇P(θ)‖2
γ

, otherwise

where � = −k�−1∇θ J [θ(t)]T and P(θ) =θTθ− wm ≤ 0,θ is the
vector of parameter estimates, γ is a positive definite symmetric
matrix, and wm is chosen such that ‖θ‖ ≤ wm .

The relevant properties of the projection operator Proj {θ, �} are
given in Ref. 21, Appendix E, p. 511. The purpose of the projection
algorithm is to prevent the divergence of the optimization scheme.
Although this can be achieved, it remains to check whether the
maximization of the cost J can still proceed when a projection
algorithm is employed.

By the properties of the projection algorithm, the parameters are
guaranteed to remain in the convex set �W . Furthermore, it is also
guaranteed that the rate of change of Jip , subject to the projection
algorithm (23), given by

J̇i p(t) = ∇θ Jip[θ(t)] Proj{θ, �} (23)

is such that

J̇i p(t) ≥ 0

∀θ ∈ �W . Thus, the projection algorithm plays the role of a trust-
region algorithm that limits the domain of the trajectories prescribed
by Eq. (21) while ensuring the progress of the optimization algo-
rithm. The restricted update law ensures that a local maximum of J
can always be achieved over a convex set in the parameter space.

Note that by the smoothness of the cost J with respect to the
decision variables θ , it is guaranteed that there exists an upper bound
on the magnitude of the gradient and Hessian of J over the convex
�w .

Note that the optimality of the trajectories obtained is dependent
on the choice of parameterization. The trajectories resulting from
such finite dimensional approximations can only lead to approxi-
mate solutions of the dynamic optimization problem considered. As
an illustration, it is generally known that the dynamic optimization
problem can often lead to discontinuities that dissect different types
of arcs in the optimization problem. The parameterization of the
flat output trajectories forces the trajectories to be smooth and, thus,
provides only approximate solutions of the true optimal trajectories.
This problem, shared by many numerical methods for the solution
of optimal control problems, has been documented in Ref. 9 for
similar flatness-based approaches.

The purpose of the optimization strategy is to generate in real
time a trajectory of the nonlinear system (1) that maximizes the
cost functional Jip . The approximate optimal trajectory provides a
reference trajectory that is implemented by the control system.

Implementation
In this section, we propose a tracking controller that drives the

state variables of the system to track the optimal state and input tra-
jectories generated in real time. When flatness is used, it is straight-
forward to implement a tracking controller that provides asymptotic
trajectory tracking.

Any flat system can be transformed via a dynamic feedback trans-
formation to a Brunovsky form given by

żi1 = zi2, . . . , żiνi − 1

= ziνi , żiνi = αi

(
z11, . . . , z1ν1

, . . . , z p1, . . . , z pνp

)
or

żi = Ai zi + Biαi

(
z11, . . . , z1ν1

, . . . , z p1, . . . , z pνp

)
where zi = [zi1, . . . , ziνi ]

T .

Ai =

⎡⎢⎢⎢⎢⎢⎣
0 1 0 . . . 0

0 0 1 . . . 0
...

...
...

...
...

0 0 0 . . . 1

0 0 0 . . . 0

⎤⎥⎥⎥⎥⎥⎦ , Bi =

⎡⎢⎢⎢⎢⎢⎣
0

0

0
...

1

⎤⎥⎥⎥⎥⎥⎦
for i = 1, . . . , p, where νi are the Kronecker indices of the
Brunovsky form, and the flat outputs are represented by yi = z1i for
i = 1, . . . , p. The dynamics of the flat system can be summarized
as follows:

ż = Az + Bv (24)

where A = BlockDiag [A1, A2, . . . , Ap], B = BlockDiag[B1, B2,
. . . , Bp], z = [zT

1 , zT
2 , . . . , zT

p , v = [α1, α2, . . . , αp]). The functions
αi are time-varying functions of the z1 and u and their derivatives.

When the dynamic optimization strategy just highlighted is fol-
lowed, the parameters θ(t) (evaluated at time t) encode the reference
trajectory for the highest derivative of the flat outputs, written as

ξ (ν) = [
ξ

(ν1)

1 , ξ
(ν2)

2 , . . . , ξ
(νp)
p

]T = θ(t)T φ(t) (25)

where φ(t) is an N by p matrix of basis functions chosen to pa-
rameterize the system dynamics. The lower-order derivatives are
obtained by successively integrating the elements of Eq. (25) over
the interval [0, T ].

Given the reference trajectories for the flat outputs, ξ1(t), . . . ,
ξp(t), and their derivatives, we define the tracking errors

ei1 = zi1 − ξi (t), . . . , eiνi = ziνi − ξ
(νi − 1)

i (t)

for i = 1, . . . , p. The tracking error dynamics are given by

ėi1 = zi2 − ξ
(2)

i (t), . . . , ėiνi

= αi

(
z11, . . . , z1ν1

, . . . , z p1, . . . , z pνp

) − ξ
(νi )

i (26)

where i = 1, . . . , p. The linear term αi is a time-varying function of
the state variables, the input variables, and their derivatives. Let the
highest order of differentiation of the input variable ui be given by
ρi . The p derivatives are summarized in vector form as

u(ρ) = [
u(ρ1)

1 , . . . , u
(ρp)
o

]T

By the controllability property of the linear system, the vector-
valued function α = [α1, . . . , αp]T is such that rank [∂α/∂u(ρ) ]= p.
Following a standard argument, it is possible to develop a tracking
controller that provides asymptotic tracking. For the class of linear
time-varying control systems, the function α takes the form

α = Ã(t)ȳ(t) + B̃(t)uρ

The error dynamics are given by

ė = Ae + B
(
α − ξ (ν)

)
where e = [eT

1 , . . . , eT
p ]T with ei = [ei1, . . . , eiνi ]

T .
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By assumption, we have that the matrix B̃(t) is nonsingular for
all time t ∈ [0, T ]. A suitable tracking controller is then given by

uρ = −[B̃(t)]−1

⎧⎪⎨⎪⎩ Ã(t)ȳ(t) − K e +

⎡⎢⎣ξ
(ν1)

1

...

ξ
νp
p

⎤⎥⎦
⎫⎪⎬⎪⎭

The gain matrix K ∈ �p × n is chosen such that the matrix A − BK
is Hurwitz where A and B are in Brunovsky form.

The preceding leads to the closed-loop error dynamics

ė = (A − BK )e (27)

which guarantees that the origin of the error dynamics is glob-
ally asymptotically stable. Because, by construction, the tracking
dynamics arebounded, it follows that the trajectories of the state
variables and the input variables are bounded and converge to the
reference trajectory generated by the real-time optimization system.

In the next section, we present two simulation examples that show
the effectiveness of the proposed method for real-time optimization
of systems.

Simulation Results
Dynamic Optimization of Two-State-System

In the first example, we consider a simple two-state linear time-
varying system. The matrices A(t) and B(t) are given by

A =
[

e−t 1

0 et

]
, B =

[
0

2

]
To demonstrate the constraint handling capability of the technique,
we consider the following dynamic optimization problem:

min
u

1

2

∫ 1

0

[
1

2
x1(t)

2 + 1

2
x2(t)

2

]
dt

so that

ẋ = A(t)x + B(t)u, t ∈ [0, 1]

|u1(t)| ≤ 10

x(0) = [2 0]T

x(1) = [0 0]T

This dynamic system is differentially flat with flat output y = x1.
The derivatives of the flat output are given by

ẏ = e−t x1 + x2

ÿ = e−t x1 + e−2t x1 + e−t x2 + et x2 + 2u1

They provide a transformation of the state and input space. Using
flatness, we parameterize ÿ as a fourth-order polynomial. A track-
ing controller is designed as shown in the preceding section with
controller gain K = [−500, −160]. The control action is saturated
such that |u1(t)| ≤ 10 ∀t ∈ [0, 1].

For the real-time optimization scheme, all parameters are initi-
ated at zero. The parameter update law was implemented with a gain
k = 100. The projection algorithm ensures that the parameters are re-
stricted to evolve within a ball of radius 10. The log-barrier function
parameters were set to μ = 1 and ε = 0.0001 for both constraints
{u1 ≥ −10} and {u1 ≤ 10}. The initial and final state constraints are
implement with the parameter M = 10,000.

The result of the simulation are shown in Figs. 1–3. The value
of the extended cost Jip is shown in Fig. 1. The results demonstrate
that the real-time optimization scheme converges quickly to the lo-
cal optimum Jip = 2.61. The closed-loop state trajectories and the
corresponding approximate optimal trajectories to be tracked are
shown in Fig. 2. The tracking controller implements the approx-
imate optimal trajectory effectively for this simple problem. The
corresponding input trajectories are shown in Fig. 3. The approxi-
mate optimal input trajectory demonstrates that the constraints are
active at the optimum. The tracking controller is shown to deviate

Fig. 1 Cost functional J for real-time optimization scheme.

Fig. 2 Closed-loop ——, state variable trajectories and - - - -, optimal
state trajectories for real-time optimization scheme.

Fig. 3 Closed-loop ——, input variable trajectories and - - - -, optimal
input trajectories for real-time optimization scheme.
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somewhat for the optimal trajectory. This was a result of the initial
adaptation that occurs at the beginning of the test run. Overall, the
simulation results demonstrate that the real-time optimizing con-
troller performs well.

Spring–Mass–Damper System
The second example is the spring–mass–damper system treated in

Ref. 13. The system consists of four state variables x1 = q̇1, x2 = q̇2,
x3 = q1, and x4 = q2 and two inputs u′

1 and u′
2. The matrices A(t)

and B(t) are

A =

⎡⎢⎢⎢⎢⎢⎢⎣
− c1 + c2

m1

c2

m1

− k1 + k2

m1

k2

m1

c1

m2

− c2 + c3

m2

k2

m2

− k2 + k3

m2

1 0 0 0

0 1 0 0

⎤⎥⎥⎥⎥⎥⎥⎦

B =

⎡⎢⎢⎢⎢⎢⎢⎣

1

m1

0

0
1

m2

0 0

0 0

⎤⎥⎥⎥⎥⎥⎥⎦
where m1 and m2 are the masses; k1, k2, and k3 are the spring stiff-
ness; and c1, c2, and c3 are the damping coefficients. Following
Ref. 13, we let m1 = m2 = 1, c1 = c2 = c3 = 1, k1 = 3t , k2 = k3 = 3,
and u′

1 = e−t u1, u′
2 = u2, and u = [u1, u2]T . The boundary conditions

are x(0) = [0 0 10 20]T and x(1) = [0 0 0 0]T . The dynamic op-
timization problem is

min
u

1

2

∫ 1

0

uT u dt

so that

ẋ = A(t)x + B(t)u, t ∈ [0, 1]

x(0) = [0 0 10 20]T

x(1) = [0 0 0 0]T

This linear time-varying system is controllable and, hence, dif-
ferentially flat. The flat outputs are simply y1 = x3 and y2 = x4. The
state and input of the system are given by

y1 = x3, ẏ1 = x1

ÿ1 = −[(c1 + c2)/m1]y1 + (c2/m1)ẏ2 − [(k1 + k2)/m1]y1

+ (k2/m1)y2 + (1/m1) exp(−t)u1

y2 = x4, ẏ2 = x2

ÿ2 = (c2/m2)ẏ1 − [(c2 + c3)/m2]y2 + (k2/m2)y1

− [(k2 + k3)/m2]y2 + (1/m2)u2

For all of the simulations, we consider polynomial basis functions
with N = 4 such that χi, j = t j − 1 for i = 1, 2. The initial parame-
ter estimates are θ(0) = [0, 0, 0, 0, 0, 0, 0, 0]. The parameters were
constrained to the ball of radius 100 centered at the initial parameter
estimates.

The following tracking controller was shown to have satisfactory
performance,

v(t) =
[
v1

v2

]
= Kce −

[
ÿ1

ÿ2

]
(28)

where

Kc =
[−100 0 −100 0

0 −100 0 −100

]
(29)

Fig. 4 Cost functional J for real-time optimization scheme.

a)

b)

Fig. 5 Closed-loop ——, state variable trajectories and - - - -, optimal
state trajectories for real-time optimization scheme.
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Fig. 6 Closed-loop ——, input variable trajectories and - - - -, optimal
input trajectories for real-time optimization scheme.

The real-time optimization scheme is implemented with a gain of
k = 100. Figure 4 shows the variation in the modified cost functional
Jip . As expected, the real-time optimization routine provides a quick
decrease of the cost function to its minimum value. Figure 5 shows
the resulting approximate optimal state trajectories along with the
closed-loop state trajectories of the tracking controller. Figure 6
shows the corresponding input trajectories. The results first demon-
strate that the real-time optimization technique is able to compute the
approximate optimal state trajectories correctly as given in Ref. 13.
Second, the results show that the tracking controller designed is able
to implement the approximate optimal trajectories.

The simulation study was performed on a Pentium M 2.0-GHz
Intel processor using a standard SIMULINK computation platform.
The total computation time for the optimization problem including
simulation of the linear system was 0.844 CPU s. A total of 147
time steps were computed yielding an average of 5.7 μs per iter-
ation. In the current case, a final time of 1 s was assumed for the
completed task. The total optimization steps as the time for iteration
were, therefore, sufficient for practical implementation of the real-
time dynamic optimization routine. Thus, the real-time optimization
objective is achieved. Note that the current implementation perfor-
mance could be drastically improved by choosing a more suitable
real-time platform. Further work is ongoing in this area to develop
the full potential of the technique described in this work.

Conclusions
In this paper, we proposed and solved an extremum-seeking con-

trol problem for a class of linear time-varying dynamical control
systems. The system provides a real-time optimal trajectory gener-
ation system that optimizes cost functionals evaluated over a fixed
timed horizon. Two examples were considered to demonstrate that
the extremum-seeking controller can compute and regulate a nonlin-
ear dynamical system to an optimal trajectory generated in real-time.
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